Abstract. We introduce and explore a natural rank for totally disconnected locally compact groups called the bounded conjugacy rank. This rank is shown to be a lattice invariant for lattices in sigma compact totally disconnected locally compact groups; that is to say, for a given sigma compact totally disconnected locally compact group, some lattice has bounded conjugacy rank n if and only if every lattice has bounded conjugacy rank n. Several examples are then presented.
Introduction
A property P of groups is called a lattice invariant if whenever ∆ and Γ are lattices in a locally compact group G, then ∆ has P if and only if Γ has P . Lattice invariants are closely related to invariants of measure equivalence, where two discrete groups Γ and ∆ are called measure equivalent if they admit commuting actions on a non-zero sigma-finite standard measure space with each action admitting a finite measure fundamental domain; see [6] . Indeed, two lattices in the same locally compact group are measure equivalent, so any invariant of measure equivalence is also a lattice invariant.
Amenability and Kazhdan's property (T) are two fundamental examples of invariants of measure equivalence and so lattice invariants. However, natural examples of lattice invariants appear to be rather rare and examples which are not additionally measure equivalence invariants are all the more rare.
In the work at hand, we discover and explore a new lattice invariant for lattices in totally disconnected locally compact (t.d.l.c.) groups, which we call the bounded conjugacy rank. As will become clear, bounded conjugacy rank additionally fails to be an invariant of measure equivalence. This rank appears to be a natural and robust numerical invariant which warrants further exploration. Remark 1.1. For our main theorems, we restrict our attention to sigma compact locally compact groups. Sigma compact locally compact groups Date: October 2018. B.D. is supported in part by French projects ANR-14-CE25-0004 GAMME and ANR-16-CE40-0022-01 AGIRA.
cover most locally compact groups of interest. In particular, every compactly generated locally compact group is sigma compact. The thin rank of A, denoted by rk t (A), is the supremum of the ranks of free abelian subgroups of A/Rad RC (A), where Rad RC (A) is the regionally compact radical.
Definition 1.2. For G a t.d.l.c. group, the bounded conjugacy rank of G, denoted by rk BC (G), is the supremum of rk t (A) as A ranges over all compactly generated closed subgroups of G that are thin on G.
We show that the bounded conjugacy rank is invariant under passing to both cocompact closed subgroups and finite covolume closed subgroups, so in particular, it is a lattice invariant for t.d.l.c. groups.
Theorem 1.3 (Theorem 4.4). Suppose that G is a sigma compact t.d.l.c. group and H is a closed subgroup of G.
(1) If H has finite covolume in G, then rk BC (H) = rk BC (G).
(2) If H is cocompact in G, then rk BC (H) = rk BC (G).
In particular, if Γ and ∆ are any two lattices in G, then rk BC (Γ) = rk BC (G) = rk BC (∆).
Example 5.D shows that one cannot naively extend Theorem 1.3 to all locally compact groups.
We go on to explore the properties of discrete groups Γ, e.g. lattices, with non-zero bounded conjugacy rank. For a subgroup H of Γ, the FCcentralizer of H in Γ is the subgroup FC Γ (H) := {γ ∈ Γ | γ H is finite}. For finitely generated groups, the bounded conjugacy rank has a straightforward characterization related to the classical notion of the FC-center of Γ -i.e. the subgroup FC Γ (Γ). (1) The value rk BC (Γ) equals the supremum of the ranks of finitely generated free abelian subgroups A of Γ for which the index of FC Γ (A) in Γ is finite. (2) If Γ is a finitely generated group, then rk BC (Γ) is the supremum of the ranks of finitely generated free abelian subgroups A of Γ which are contained in the FC-center of Γ.
The natural generalization to compactly generated t.d.l.c. groups of part (2) of this proposition fails: Example 5.E exhibits a compactly generated t.d.l.c. group with positive BC-rank but with no non-trivial FC-elements.
Our work concludes with several additional examples. In particular, any discrete group with positive bounded conjugacy rank must be inner amenable (Proposition 4.6), where a group is inner amenable if it admits an atomless mean which is invariant under conjugation. Example 5.C, due to P.E. Caprace, shows that inner amenability is not itself a lattice invariant, even for lattices in sigma compact t.d.l.c. groups.
Preliminaries
We fix several notations, which will be used throughout. For G a group, H ≤ G, and g ∈ G, we write
If G is a topological group, Aut(G) denotes the group of all topological group automorphisms of G. For H ⊆ Aut(G) and g ∈ G, we write
We use t.d. and l.c. to denote "totally disconnected" and "locally compact", respectively.
2.A. Generalities on locally compact groups. A locally compact group G is sigma compact if it is a countable union of compact sets. It is easy to see that every compactly generated locally compact group is sigma compact, so this condition is rather mild. Every second countable locally compact group is also sigma compact. A closed subgroup H of G is said to be cocompact if the coset space G/H is compact. We say that H is of finite covolume if the coset space G/H admits a G-invariant Borel probability measure, where G acts on G/H by left multiplication. A lattice of G is a discrete subgroup of finite covolume.
We will require several basic facts about finite covolume subgroups and will often use these implicitly. 
is continuous, bijective, and K-equivariant. We now argue that ϕ is in fact a homeomorphism. It suffices to show the composition ϕ −1 •π G/H is continuous, where π G/H : G → G/H is the quotient map.
Since K is normal in G = HK, the map ψ :
, is a continuous isomorphism of sigma compact locally compact groups, hence it is a homeomorphism; see [8, Theorem 5.33 ]. The composition
is continuous. Composing with ϕ yields
.
Hence, ϕ is a homeomorphism. For (1), suppose H is of finite covolume in G and let µ be a G-invariant Borel probability measure on G/H. Since ϕ is a homeomorphism, the push forward (ϕ −1 ) * µ is then a K-invariant Borel probability measure on K/(H ∩ K), so H ∩ K is a compact subgroup of K of finite covolume in K. Applying Theorem 2.1, the trivial subgroup is of finite covolume in K, and this implies that the Haar measure on K is finite. Hence, K is compact, establishing (1).
Claim (2) is similar.
A locally compact group G is called regionally compact if for every finite set F ⊆ G, the subgroup F is relatively compact. This property is sometimes called "locally elliptic" or "topologically locally finite"; see [4, Remark 1.0.1] for an explaination of this terminology change. By classical work of V.P. Platonov [11] , every locally compact group G admits a unique largest regionally compact normal subgroup called the regionally compact radical and denoted by Rad RC (G). Furthermore, Rad RC (G/Rad RC (G)) = {1}. Proofs of these facts can be found in [3, Section 2] A locally compact group G is said to be FC if g G is relatively compact for every g ∈ G. An abstract group is called FC is every element has a finite conjugacy class. The following result is also classical, but we give a proof for completeness. Proof. Let P (G) be the collection of elements g ∈ G such that g is compact. By [16, Corollary 1.5], any compact normal set K ⊆ P (G) is such that K is relatively compact. Each g ∈ P (G) is then an element of a compact normal subgroup of G, since G is FC. We deduce that the regionally compact radical contains P (G) and is open.
The groupG := G/Rad RC (G) is a discrete group and every element has a compact conjugacy class. Every element ofG indeed has a finite conjugacy class, soG is a finitely generated FC group. The groupG is also finitely generated, so the center ofG is of finite index. Therefore, [G,G] is finite by the Schur-Baer Theorem. On the other hand,G must have a trivial regionally compact radical, so [G,G] is trivial. We conclude thatG is free abelian.
It remains to show that Rad RC (G) is compact. Let P be the collection of finite subsets of Rad RC (G). The collection I := { F G | F ∈ P } is a directed system of compact normal subgroups of G, and I = Rad RC (G). Applying [13, Theorem 1.9] , there is N ∈ I and K G closed such that K ≤ Rad RC (G), K/N is compact, and Rad RC (G)/K is discrete. Since N is compact, the subgroup K is outright compact. The quotient G/K is then a discrete FC group, so it is an FC group. Arguing as in the second paragraph yields a closed normal subgroup K ′ G such that K ′ /K is finite and G/K ′ is torsion free abelian. We infer that K ′ = Rad RC (G), and thus Rad RC (G) is compact. There are three important subgroups associated to α ∈ Aut(G) and related to the scale. The first is the contraction group of α in G:
For g ∈ G, we write con(g) for the contraction group given by regarding g as an inner automorphism. The contraction group gives a way to isolate uniscalar automorphisms. 
Contraction groups are not closed in general; for instance, take the contraction group for the unit shift automorphism of F Z where F is some nontrivial finite group. We use the notation con(α) for the closure of the contraction group.
The nub of an automorphism α of G is nub(α) := {U | U tidy for α}.
Lastly,
For g ∈ G, we write nub(g) and P G (g), where g is considered as an inner automorphism.
Let us note several properties of these subgroups. The theory of the scale function admits an extension to subgroups of automorphisms, instead of single automorphisms. Definition 2.6. A subgroup H ≤ Aut(G) is said to be flat on G if there exists a compact open subgroup U of G which is simultaneously tidy for every α ∈ H. In this case, U is said to be tidy for H. A subgroup H of G is flat on G if it is flat as a collection of inner automorphims. Flat groups of automorphisms first appear in [18] ; the terminology used here is introduced in [14] .
Proposition 2.5 (Baumgartner-Willis, Willis). For G a t.d.l.c. group and
Flat groups of automorphisms admit a canonical normal subgroup. Definition 2.7. Let H ≤ Aut(G) be a flat group of automorphisms of a t.d.l.c. group G. The uniscalar subgroup of H is the group H u := {α ∈ H | s(α) = 1 = s(α −1 )}. We say that H is uniscalar if H = H u .
The subgroup H u is the collection of elements of H which normalize some compact open subgroup of G. 
For a subgroup H of G, we may define
The definition of the BC-centralizer for subgroups is the obvious restatement obtained by regarding a subgroup as a group of inner automorphisms. The set BC G (H) is a subgroup of G, but it need not be closed in general. For α ∈ Aut(G), we write BC G (α) for BC G ( α ), and for g ∈ G, we write
The following proposition, established in [17] and [1] , gives the relevant connections between the BC-centralizer of a cyclic group and the previously mentioned subgroups associated to an automorphism. 
Proof. (1) Proposition 2.9 ensures BC G (α) is closed for each α ∈ Aut(G). Willis' proof of the relevant claim of Proposition 2.9 in fact shows that BC G (H) is closed whenever H is flat. We give a proof for completeness.
Proposition 2.10 (Willis). Let G be a t.d.l.c. group and H ≤ Aut(G) be a flat group of automorphisms of G.
(
Proof. Let U be a compact open subgroup of G which is tidy for H. That BC G (H) is closed follows from U ∩ BC G (H) closed. It therefore suffices to prove (2). Since U is tidy for H, [17, Lemma 9] ensures that U ∩ BC G (H) ≤ α∈H α(U ). The reverse containment is clear. We can characterize uniscalar flat groups via the BC-centralizer. 
Thin subgroups
We begin by defining a special family of flat subgroups via which we will isolate the bounded conjugacy rank. These definitions can be made for groups of automorphisms, but we restrict to subgroups of the ambient group for clarity and brevity. (
Proof. By Proposition 2.10, BC G (A) is closed, so the equivalence of (3) and (4) is immediate. The implications (4)⇒(1) and (4)⇒(2) are also clear. For (1)⇒(4), suppose that BC G (A) is of finite covolume in G. For any a ∈ A, Proposition 2.9 ensures that con(a)BC G (a) = P G (a) and that con(a) ∩ BC G (a) = nub(a). The subgroup nub(a) is compact, and since BC G (A) ≤ BC G (a), the group BC G (a) is also of finite covolume in P G (a). Proposition 2.2 thus implies that con(a) is compact. Similarly, con(a −1 ) is compact. Appealing to Proposition 2.4, we deduce that s(a) = s(a −1 ) = 1. The group A is thus flat and uniscalar, hence A normalizes some compact open subgroup U of G. The subgroup U is contained in BC G (A), so BC G (A) is open and of finite covolume in G. We infer that BC G (A) is of finite index in G.
The same argument gives the implication (2)⇒(4).
The property of being a thin subgroup also enjoys a hereditary property. The proof is immediate from the definitions.
Lemma 3.4. Let G be a t.d.l.c. group with H and A closed subgroups of G.  If A is thin on G and A ≤ H, then A is thin on H. In particular, if A ≤ G  is a closed subgroup that is thin on G, then A is thin on itself. Thin subgroups finally have a well-understood internal structure. We conclude by isolating the thin subgroups among the compactly generated closed subgroups. Proof. The non-trivial implication is the reverse, so let us assume that BC G (A) is of finite index and open in G. We argue that A is flat.
As in the proof of Lemma 3.5, A/Rad RC (A) is virtually free abelian, and Rad RC (A) is compact. We may thus find B A of finite index such that Rad RC (A) ≤ B and B/Rad RC (A) is free abelian. Applying Theorem 2.8, we conclude that B is flat, and it follows from Proposition 2.11 that B is uniscalar. Let U be a compact open subgroup normalized by B. Since B is of finite index in A, the group U has only finitely many conjugates under A, and the intersection of all of these conjugates is a compact open subgroup of G which is normalized by A. The subgroup A is thus uniscalar, so in particular, it is flat.
Bounded conjugacy rank

4.A. Lattice invariant.
We are now prepared to prove Theorem 1.3. In view of Lemma 3.5, the next definition is sensible. Recall that the rank of a free abelian group is the minimum number of generators. Definition 4.1. For A a compactly generated t.d.l.c. group that is thin on itself, the thin rank of A, denoted by rk t (A), is the maximum of the ranks of free abelian subgroups of A/Rad RC (A).
Via the thin rank, we define the desired rank. Definition 4.2. For G a t.d.l.c. group, the bounded conjugacy rank of G, denoted by rk BC (G), is the supremum of rk t (A) as A ranges over all compactly generated closed subgroups that are thin on G.
Lemma 3.4 ensures that each A ≤ G that is thin on G is also thin on itself, so the bounded conjugacy rank is well-defined. Note further that the bounded conjugacy rank can be infinite; see Example 5.A.
The proof of the desired theorem requires a technical lemma.
Lemma 4.3. For A a compactly generated t.d.l.c. group that is thin on itself and B a closed subgroup of A, the following are equivalent: (1) B is cocompact in A. (2) B is of finite covolume in A. (3) BRad RC (A) is of finite index and open in A. (4) rk t (B) = rk t (A).
Proof. The equivalence of (1) and (3) and (2) One verifies that Rad RC (C) = Rad RC (A), so C/Rad RC (C) is isomorphic to a finite index subgroup of A/Rad RC (A). We conclude that rk t (C) = rk t (A). On the other hand, the projection π : B → C/Rad RC (C) is onto with kernel Rad RC (C) ∩ B, and π(Rad RC (B)) lies in the regionally compact radical of C. We deduce that Rad RC (C)∩B = Rad RC (B). The quotient B/Rad RC (B) is thus isomorphic to C/Rad RC (C), so rk t (B) = rk t (C). Claim (4) is now demonstrated.
(4)⇒(3). The group B/Rad RC (A) ∩ B is isomorphic to the subgroup BRad RC (A)/Rad RC (A) of A/Rad RC (A). The group B/Rad RC (A) ∩ B is thus virtually free abelian, and the maximum rank of free abelian subgroups is less than or equal to rk t (A). On the other hand, B/Rad RC (A) ∩ B maps onto B/Rad RC (B), so the maximum rank of free abelian subgroups of B/Rad RC (A) ∩ B is greater than or equal to the maximum rank of free abelian subgroups of B/Rad RC (B). Since rk t (B) = rk t (A), it now follows that the maximum rank of free abelian subgroups of B/Rad RC (A)∩B equals rk t (A). We conclude that BRad RC (A)/Rad RC (A) has the same maximum rank of free abelian subgroups as A/Rad RC (A), so BRad RC (A)/Rad RC (A) has finite index in A, verifying (3).
Theorem 4.4. Suppose that G is a sigma compact t.d.l.c. group and H is a closed subgroup of G. (1) If H has finite covolume in
In particular, if Γ and ∆ are any two lattices in G, then
Proof. Suppose that H is cocompact (of finite covolume) in G. Let A be any compactly generated closed subgroup of G which is thin on G. Applying Corollary 3.2, we obtain U a compact open subgroup of G which is normalized by A. The subgroup AU is thin on G and open. The intersection B := AU ∩ H is then cocompact (of finite covolume) in AU , so rk t (B) = rk t (A) by Lemma 4.3. In addition, since B is thin on G, it is thin on H. We conclude that rk BC (H) ≥ rk t (B) = rk t (A). Taking the supremum of the rk t (A) as A varies over compactly generated subgroups that are thin on G, we obtain rk BC (H) ≥ rk BC (G).
Conversely, let B be any closed compactly generated subgroup of H which is thin on H. Applying Lemma 3.5, there is a finite index open B 0 B such that B 0 /Rad RC (B) is a finitely generated free abelian group. Theorem 2.8 implies that B 0 is flat on G. Moreover, BC G (B 0 ) contains BC H (B 0 ) = BC H (B), so BC G (B 0 ) is cocompact (of finite covolume) in G. We conclude that B 0 is thin on G by Lemma 3.3, so rk BC (G) ≥ rk t (B 0 ) = rk t (B). Taking the supremum over all compactly generated closed B ≤ H thin on H yields that rk BC (G) ≥ rk BC (H). 
4.B.
Bounded conjugacy rank in discrete groups. The BC-rank for discrete groups, so for lattices in particular, has a simpler characterization than for general t.d.l.c. groups. The characterization becomes even more straightforward for finitely generated discrete groups.
For a discrete group Γ and a subgroup H of Γ, we define FC Γ (H) to be the set of all elements γ ∈ Γ for which γ H is finite; this is easily seen to be a subgroup of Γ. The FC-center of Γ is the subgroup FC Γ (Γ) -i.e. the collection of all group elements with a finite conjugacy class. Proof. We note that since Γ is discrete, BC-centralizers and FC-centralizers are the same.
For (1), suppose A ≤ Γ is finitely generated and thin on Γ. The subgroup A ∩ FC Γ (A) is of finite index in A, so it is finitely generated. Fix a finite generating set F . For each a ∈ F , the set a A is finite, so each a ∈ F commutes with a finite index subgroup of A. There is thus a finite index subgroup B of A ∩ FC Γ (A) which commutes with F and hence with all of A ∩ FC Γ (A). The subgroup B is thus an abelian finite index subgroup of A, and in particular, it is finitely generated.
We may find a free abelian finite index subgroup B 0 of B. The subgroup B 0 , being a subgroup of A, is thin on Γ, and since B 0 has finite index in A, Lemma 4.3 ensures that the rank of B 0 coincides with rk t (A). To compute rk BC (Γ), it thus suffices to consider finitely generated free abelian thin subgroups of Γ.
For (2), it suffices to argue that every finitely generated free abelian thin subgroup A of Γ has a finite index subgroup contained in the FC-center of Γ, in view of part (1). Given such a subgroup A, the subgroup FC Γ (A) is of finite index in Γ, so it is finitely generated. Arguing as in part (1), we may find a finite index subgroup B of A which commutes with FC Γ (A). Since B commutes with a finite index subgroup of Γ, it is contained in the FC-center of Γ. The proposition now follows. Proposition 4.5 shows that every finitely generated group with positive BC-rank admits a non-locally finite FC-center. On the other hand, this does not generalize to the case of compactly generated t.d.l.c. groups; see Example 5.E. That is, for compactly generated t.d.l.c. groups, positive BCrank does not imply non-regionally compact FC-center.
We conclude this section by noting that non-zero BC-rank gives a sufficient, but not necessary, condition to ensure inner amenability. One can thus think of positive BC-rank as a strong algebraic form of inner amenability. In contrast to our results for BC-rank, Example 5.C shows that inner amenability fails to be a lattice invariant for lattices in sigma compact t.d.l.c. groups. Proposition 4.6. Let Γ be a discrete group with rk BC (Γ) > 0. Then Γ is inner amenable.
Proof. Fix A ≤ Γ a finitely generated free abelian subgroup of positive rank with FC Γ (A) of finite index in Γ; such a subgroup exist by (1) of Proposition 4.5 since rk BC (Γ) > 0. After passing to a subgroup of A, we may assume that A is infinite cyclic with cyclic generator a.
Setting B := FC Γ (A), we have that A ≤ B, and each b ∈ B commutes with some positive power of a. Each b ∈ B thus commutes with all but finitely many terms of the sequence (a n! ) n . Letting δ n denote the point mass at a n! , any weak * cluster point of the sequence (δ n ) n in ℓ ∞ (B) * is a conjugation-invariant atomless mean on B. Hence, B is inner amenable, and since B has finite index in Γ, the group Γ is inner amenable as well by [7, Théorème 1] . 
Examples
5.
A. Merzlyakov's groups. This example exhibits a group Γ such that rk BC (Γ) = ∞, but every abelian subgroup of Γ is finitely generated. This shows that taking the supremum in the definition of rk BC is necessary.
We consider groups which are inductive limits with the following form. Take Γ 0 to be the trivial group. Having defined Γ n , let Γ n+1 be the semidirect product Γ n+1 := B n ⋊ αn Γ n , where α n : Γ n B n is an action of Γ n by automorphisms on a nontrivial finite rank free abelian group B n . Let i n : Γ n ֒→ {1} ⋊ Γ n ≤ Γ n+1 be the natural inclusion map. Define Γ = Γ (αn,Bn) n∈N to be the inductive limit of this sequence. Thus, 
where p n : Γ → Γ n denotes the projection map with p n (b) i = b i for 0 ≤ i < n. The injective homomorphismî n : Γ n → Γ given bŷ
is a section for p n , so Γ is the (internal) semidirect product Γ = ker(p n ) ⋊ i n (Γ n ). In [9] , Merzlyakov constructs a sequence (B n , α n ) n∈N as above, for which the resulting inductive limit Γ := Γ (Bn,αn) n∈N has the following properties:
(1) Each of the groups Γ n is torsion free, polycyclic, and has a finite index free abelian subgroup A n , with rk(A n ) → ∞. Hence, Γ has free abelian subgroups of arbitrarily large rank. (2) For each n, the image P n := α n (Γ n ) of Γ n in Aut(B n ) is finite. (3) Every abelian subgroup of Γ is finitely generated. In particular, Γ has no free abelian subgroups of infinite rank.
(In addition, Merzlyakov shows in the follow up paper [10] that Γ has finite abelian section rank.) It follows from (1) and (2) that every orbit of the conjugation action of the abelian groupî n (A n ) on the finite index subgroup ker(p n ) ⋊î n (A n ) of Γ is finite. Thus, BC Γ (î n (A n )) has finite index in Γ, and hence rk BC (Γ) ≥ rk(A n ) → ∞.
5.B.
Merzlyakov's groups and lattices. We now show that Merzlyakov's group Γ from Example 1 and the countably infinite rank free abelian group B := n∈N B n are cocompact lattices in the same t.d.l.c. group G. Thus, while the existence of a rank n free abelian thin subgroup is a lattice invariant for n < ∞, it is not a lattice invariant for n = ∞. By (2) above, P n = α n (Γ n ) is a finite subgroup of Aut(B n ) for each n ∈ N. The direct product P := n≥0 P n is therefore a profinite group, and P acts continuously on the discrete group B by automorphisms, via the coordinatewise action (p · b) n := p n (b n ) for p ∈ P , b ∈ B, and n ∈ N. Consider the associated semidirect product G := B ⋊ P , which is a t.d.l.c. group having B ⋊ {1 P } as a discrete cocompact normal subgroup. In particular, B is isomorphic to a lattice in G.
It remains to show that Γ is realized as a lattice in G. For each n, the composition α n • p n is a homomorphism from Γ to P n , hence we obtain a homomorphism ϕ :
for b ∈ Γ. The map i is injective, and we show that it is a homomorphism.
and hence b ⊛ c = b ⊙ (ϕ(b) · c), where ⊙ denotes group multiplication in B = n B n . Therefore,
The image i(Γ), of Γ in G, is discrete since i(Γ) intersects the compact open subgroup {1} ⋊ P trivially. In addition, it is clear that G = i(Γ)({1} ⋊ P ), and therefore i(Γ) is a cocompact lattice in G. 
is equipped with the discrete topology. We set
and equip G with the product topology. With this topology G is a t.d.l.c. group.
Claim. ∆ and Γ are cocompact lattices in G.
This map is injective, and the image ψ(∆) is a cocompact discrete subgroup. Appealing to Theorem 2.1, ∆ is a cocompact lattice in G.
This map is injective with discrete image, and
Using again Theorem 2.1, we conclude that Γ is a cocompact lattice in G.
The group ∆ is inner amenable, because it has an infinite center. On the other hand, Γ is not inner amenable. Indeed, if m is a conjugation invariant mean on Γ, then since SL The characteristic polynomial of M is p(λ) = λ 4 − 3λ 3 + 3λ 2 − 3λ + 1. One verifies that p has two complex roots z and z which lie on the unit circle but are not roots of unity and two distinct positive real roots r and s with rs = 1. For any n ∈ Z \ {0}, it now follows that the matrix M n again has four distinct eigenvalues: z n , z n , s n , and r n . Thus, M n cannot fix any v ∈ Z 4 \ {0}, and the action of Z on Z 4 by powers of M has no non-trivial finite orbit. Forming the semidirect product Z 4 ⋊ M Z where Z acts by powers of M , we infer that Z 4 ⋊ M Z has a trivial F C-center. In view of Lemma 4.5, rk BC (Z 4 ⋊ M Z) = 0.
Recalling that taking powers of matrices extends to real number valued powers, we have an action of R on R 4 by powers of M . As M has two eigenvalues on the unit circle, V := {x ∈ R 4 | R.x is bounded} is a two dimensional subspace of R 4 . We now form the semidirect power G := R 4 ⋊ M R, and this group is a connected locally compact group. The subgroup Z 4 ⋊ M Z is clearly a lattice in G and rk BC (Z 4 ⋊ M Z) = 0. On the other hand, we may find an irrational real number θ such that M θ fixes V pointwise. The subgroup R 4 ⋊ M θZ is then a cocompact subgroup of G with V in its center. Moreover, any natural way to extend the BC-rank to all locally compact groups must give R 4 ⋊ M θZ positive rank.
5.E. FC elements. We finally give an example of a t.d.l.c. group with positive bounded conjugacy rank but without non-trivial FC-elements.
Fix a prime p. For every prime q, let α q denote the automorphism of the additive group Q p given by multiplication by q. Note that α p has no nontrivial bounded orbits on Q p and in particular that the sequence (α −n p (x)) n∈N is unbounded for every nonzero x ∈ Q p .
Fix a non-empty finite set of primes S which are all distinct from p and let A denote the subgroup of Aut(Q p ) generated by the automorphism α p along with the automorphisms α q for q ∈ S. The group A is a free abelian group A of rank |S| + 1, because A is isomorphic to the subgroup of the multiplicative group Q * of the rationals generated by {p} ∪ S. Let A S be the subgroup of A generated by the elements α q with q ∈ S. Since each prime other than p is invertible in Z p , the group A S may be viewed as a subgroup of the multiplicative group Z * p of Z p , and hence the action of A S on Q p has bounded orbits, since Z * p acting on Q p has bounded orbits. Form the semidirect product G := Q p ⋊ A where A has the discrete topology; the resulting group G is a second countable t.d.l.c. group. The action of the subgroup {0} × A S on G by conjugation has bounded orbits. Indeed, the orbit of (x, α) ∈ G is precisely A S (x)×{α}, which is bounded by the previous paragraph. The group G thus has BC-rank at least rank(A S ) = |S|. Also, since Q p = n α −n p (Z p ), the group G is compactly generated by the copy of Z p along with a finite generating set for {0} × A.
Claim. G has no non-trivial FC elements.
Proof. Suppose that g := (x, α) ∈ G is an FC-element, where x ∈ Q p and α ∈ A. It must be the case that x = 0 since otherwise the conjugacy class of g is unbounded via conjugating g by negative powers of (0, α p ). Thus, g = (0, α) for some α ∈ A.
Suppose toward a contradiction that α is not the identity automorphism, so there is some y ∈ Q p such that α(y) = y. Since y −α(y) = 0, the sequence (α −n p (y − α(y)) n∈N is unbounded in Q p . On the other hand, conjugating g = (0, α) by (α −n p (y), 1) gives (α −n p (y), 1)(0, α)(−α −n p (y), 1) = (α −n p (y) − α(α −n p (y)), α) = (α −n p (y − α(y)), α). Thus, g = (0, α) has an unbounded conjugacy class in G, a contradiction. We conclude that α = 1 and that g is trivial.
